ABSTRACT How to design antenna arrays plays an important role in wireless communications, especially when there are hundreds of antennas. In massive multiple-input and multiple-output (MIMO), if the number of antennas and RF chains are increasing, the channel capacity and transmission efficiency could be obviously improved as well. Since in massive MIMO, antennas at the base station (BS) usually scale up greater than 100, the complexity and hardware requirement of the system are also increased. Many studies about massive MIMO are focused on the analysis of channel capacity, precoding, and so on, and very few are about the sparse antenna array deployment. Based on the sparse linear array structures as indicated by previous studies, three new arrays, namely co-prime cylindrical array (CCA), nested cylindrical array (NCA), and sparse nested cylindrical array (SNCA), are proposed, which are based on co-prime linear array, nested linear array, and sparse circular array, respectively. Compared with the traditional uniform cylindrical array (UCA), the proposed arrays vastly reduce the number of antennas used at the BS. In addition, the performance of spatial resolution and channel capacity of CCA, NCA, and SNCA are discussed in detail. The results show that our proposed sparse cylindrical arrays can obtain a higher resolution with much fewer antennas. Besides, the uplink channel capacity of all the three sparse cylindrical arrays is larger than the UCA with the same number of antennas at the BS.
I. INTRODUCTION
In recent studies, massive multiple-input and multiple-output (MIMO) attracted lots of interests because this new technology would be possibly widely applied in the fifth generation (5G) wireless systems. Massive MIMO has a lot of advantages comparing with the 4G LTE [1] - [4] , such as it could increase the capacity about 10 times or more and meanwhile improve the radiated energy-efficiency in the order of 100 times [5] , [6] . Another feature of massive MIMO is that latency reduced significantly compared to LTE. However, the challenges and price paid for massive MIMO are also inevitable, for example, the high complexity of the system and energy efficiency [7] - [9] .
Massive MIMO is considered as a major 5G technology, and some experiments of massive MIMO have been measured in [10] - [14] . In addition, the study of antenna deployment in massive MIMO also attracts lots of interest. An overview of massive MIMO and the challenge of making a great number of antennas working together is introduced in [4] . The authors in [15] analyzed whether all antennas contribute equally in real-time massive MIMO environments. In [16] , sparse massive MIMO channels are studied. Among those studies, very few are about the sparse antenna array deployments. In [17] and [18] , the authors proposed two sparse linear arrays, CLA and NLA, which achieved large degrees of freedom. Moreover, in [19] and [20] , the authors implemented irregular antenna arrays and sparse cylindrical antenna array respectively. In [21] , the authors modeled 3D nested distributed MIMO system. In massive MIMO scenario, because the base station (BS) usually contains hundreds of antennas, if the use of real antennas could be decreased while the capacity remains the same, it would save the space and cost to build the massive MIMO base stations.
Some possible antenna configurations of massive MIMO are the uniform linear array (ULA), uniform rectangular array (URA), uniform circular array and UCA. Cylindrical array is one type of conformal arrays, as conformal array save the space and make the elements less visually intrusive, in this paper, we focus on the cylindrical array. A cylindrical array contains of elements in three directions and this provides wide cover in both the azimuth plane φ and the elevation plane θ. In massive MIMO scenario, the analysis of spatial resolution of 2D antenna arrays is presented in [22] . Besides, beamforming and DoA estimation in massive MIMO has also attracted lots of interest [23] - [26] . In [27] , the authors derived the beam pattern of UCA, which is the product of ULA and uniform circular array. We extend the beam pattern to measure the spatial resolution of the cylindrical array.
Usually for a ULA, in order to avoid spatial aliasing, the distance of the array elements must not be greater than half a wavelength. However, in order to decrease the number of elements, the space between some elements has to be greater than half a wavelength in sparse arrays. Then good performance sparse arrays depend on good designed sparse arrays. Among these sparse arrays, the minimum redundancy array (MRA) proposed by Moffet [28] , NLA and CLA proposed by Pal and Vaidyanathan [17] , [18] all outperforms the ULAs with the same number of elements. If the one-dimensional sparse arrays are extended to multiple dimensional sparse arrays, the structure of sparse circular array, CCA, NCA and SNCA are came up.
One big difference between conformal arrays and traditional arrays is that the beam pattern can not be obtained by the product of array factor and element pattern. However, since the cylindrical array consists of a series of identical circular arrays, the whole array can be seen as a linear array whose elements are these identical circular arrays. As a result, CCA could be constructed by CLAs and uniform circular arrays. In a similar way, NCA could be constructed by NLAs and uniform circular arrays. Adhikari et al. in [29] has analyzed beamforming with co-prime linear arrays and in this work, it's extended to CCA and NCA. Based on the beamforming analysis, we could evaluate the spatial resolution among CCA, NCA and SNCA, and also compare it with the corresponding UCA.
The main contribution of this paper is to extend co-prime linear array and nested linear array to cylindrical arrays. As to prove the advantages of the proposed sparse cylindrical arrays, the new beam patterns of the CCA and NCA are derived. In [30] , the sparse cylindrical arrays have been applied on Internet of Things while in this work, we make some improvement on the structures and apply these sparse cylindrical antenna arrays at the BS in order to increase the uplink channel capacity.
The remainder of this paper is outlined as follows. In Section II, we discuss about the co-prime linear array and nested linear array, proposed sparse circular array and three different sparse cylindrical arrays. Then in Section III, the communication model of multiple users is introduced. After that, in Section IV, beamforming analysis of CCA and NCA are provided and in Section V, the spatial resolution performance of UCA, CCA and NCA is compared and the uplink channel spectral efficiency of different cylindrical arrays is provided. Finally, concluding remarks are given in Section VI.
II. SPARSE STRUCTURE OF LINEAR ARRAY, CIRCULAR ARRAY AND CYLINDRICAL ARRAY
In this section, firstly two kinds of sparse linear arrays are provided, then we propose the structures of sparse circular array and three different sparse cylindrical arrays. For convenience, the elements used to calculate the difference co-array are referred as physical (or real) antennas and the elements in the difference co-array are called virtual antennas. In fact, the virtual antennas are not existed in the antenna arrays, but they could be obtained by calculating the difference co-array.
A. SPARSE LINEAR ARRAYS
Co-prime array structure is proposed in [17] and nested array structure is proposed in [18] . Co-prime linear array interleaves two uniform subarrays which are sampled by two prime integers C 1 , C 2 , and the locations of the elements are in set K = {K 1 , K 2 }, where
and λ is the wavelength.
The difference co-array of this pair of ULA has positions
Nested linear array is a little different from co-prime linear array, because it's consisted of two-level density, where (N 1 , N 2 ) is the nested pair.
The difference co-array of the nested linear array is calculated by Fig. 1(a) illustrates a co-prime linear array with co-prime integers (4, 5) , where the physical antennas are located at [0, 4, 5, 8, 10, 12, 15, 16] and the virtual antenna array calculated by (2) equals to [0, 1, 2, 3, 4, 5, 6, 7, 8, ×, 10, 11, 12,×, ×, 15, 16] . × denotes the 'holes' in the difference co-array and a direct method to solve this problem is to double the length of one uniform subarray.
In Fig. 1(b) , it plots a nested linear array with (5, 4) and similarly, the physical antennas are located at [1, 2, 3, 4, 5, 6, 12, 18, 24] and the virtual antenna array calculated by (4) 
B. SPARSE CIRCULAR ARRAY
Let's look at a uniform circular array with M u antennas
, where the perimeter of the uniform cylindrical array is known as M u and thus the radius of the circular array R = M u /2π . Then the position of the jth antenna r j on the circular array equals to
Besides, the locations of the
and
It's straightforward to see that
If the difference co-array is defined as
we can construct a sparse circular array only with M u 2 + 1 antennas to achieve a uniform circular array with M u antennas when difference co-array (9) is calculated.
In Fig. 2 , it shows an example of sparse circular array where M u = 8, which indicates that we could build an 8-element uniform circular array only with 5 real antennas.
C. DIFFERENT STRUCTURES OF SPARSE CYLINDRICAL ARRAYS
Based on the sparse linear array and sparse circular array, we propose three different structures of sparse cylindrical arrays. Firstly, in Fig. 3 and Fig. 4 , the geometries of coprime cylindrical array and nested cylindrical array are shown respectively. Along z-axis direction, the elements are placed as co-prime linear array or nested linear array and for each circle, it is still a uniform circular array. Since co-prime linear array starts from position 0 while nested linear array starts from position 1, we modify nested linear array by adding one more element at position 0. As a result, the difference co-array of CCA could be written as
The difference co-array of NCA is
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Furthermore, if each circle is deployed as a sparse circular array, the vertical linear arrays at x = 0, y = 0 and x = 2R, y = 0 are placed as nested linear array, this kind of cylindrical array is named sparse nested cylindrical array (SNCA). In a similar way, we could build sparse co-prime cylindrical array, but in this paper we only discuss about SNCA. The difference co-array of SNCA is expressed as
and in Fig. 5 , it illustrates an example of SNCA. For CCA, NCA, SNCA, when the virtual antennas are calculated by the difference co-array (10), (11) and (12) separately, we could add those virtual elements to the physical antennas and then plot the corresponding cylindrical array in Fig. 6 . It's straightforward to see that Fig. 3 to Fig. 5 have the same corresponding cylindrical array, which is a uniform cylindrical array with 16 × 7 antennas.
III. MASSIVE MIMO SYSTEM MODEL A. MU-MIMO SYSTEM MODEL
In Fig. 7 , a typical scenario of uplink transmission in massive MIMO is shown. A cylindrical array with N r (N r = M u ×N u ) physically small and non-directive antennas is located at the BS, which receives the signals from K single-antenna users. For massive MIMO, N r is usually very large and greater than K . Let's consider the uplink transmission, then the N r ×1 vector received at the BS is
where √ ρ u is the average transmit power, x ∈ C K ×1 is the transmit vector by the K users, G ∈ C N r ×K is the channel matrix between the BS and the K users, i.e., g nk [G] nk represents the channel coefficient between the nth antenna from the BS and the kth user and n ∈ C N r ×1 is the additive white Gaussian noise.
In wireless communication, channel often experiences fading caused by multipath or shadowing. If we assume the channel matrix G models log-normal shadow fading, then we have
where h nk is the fast fading coefficient from the kth user to the nth antenna of the BS and √ β k represents the geometric attenuation due to shadow fading which is assumed independent over n and known a priori. So
where H ∈ C N r ×K denotes the fast fading matrix, i.e., [H] nk = h nk and
Supposing (θ k , φ k ) is the AoD from the kth user to the BS, then
where α nk is the path gain. At the BS, the manifold matrix of the cylindrical array is denoted by A ∈ C N r ×K , where 
If α nk is set to be 1, then
As a consequence, by substituting (15) and (19) into (13), we have
and G is rewritten as
When maximum-ratio combining is applied at the base station, from [7] , we could obtain the ergodic achievable uplink rate of the kth user as
B. SYSTEM MODEL BASED ON DIFFERENCE CO-ARRAY
From Section A, we know that the received signal is
and both the signal source and the noise are assumed to be temporally uncorrelated, so the source autocorrelation matrix R xx is a diagonal matrix. The autocorrelation of the received signal is
. . .
Following [18] , the vector mapping operation could be applied on R yy as
where is the Khatri-Rao product,
1 n is the identity matrix. Comparing (23) and (25) , the manifold matrix in (25) could be treated as (A * A), the source signal x now becomes p and the noise becomes σ 2 n → 1 n . Because (A * A) calculates the difference co-array of the original array, thus s behaves like the received signal with a longer array where the positions of antennas are given by the distinct values whose sensor locations are given by the distinct values in the set r j − r q , 1 ≤ j, q ≤ N r where r j denotes the position of the jth sensor of the original array and r q denotes the position of the qth sensor of the original array.
IV. BEAMFORMING ANALYSIS OF CO-PRIME CYLINDRICAL ARRAY AND NESTED CYLINDRICAL ARRAY
For a UCA as shown in Fig. 6 , assuming all the elements are isotropic and are placed on the surface of a staggered grid. If there are N u circular arrays and M u elements in each circular array, the beam pattern of the UCA is defined as [31] B(θ, φ) = (29) Replace the second term with B cir,n (θ, φ), then (29) is simplified as
Assuming the array has uniform weighting which means that w * nm can be separated as the product of the two array factors as
(30) could reduce to
For a ULA with length N u , its beam pattern B lin is
where u = cos(θ ). When the elements in z-direction are placed as co-prime linear array with pair (C 1 , C 2 ), the beam patterns of the two sub-arrays are
Through the beam patterns of the two subarrays, we can calculate the beam pattern of the (C 1 , C 2 ) co-prime array as
B lin,C 1 ,C 2 has been derived in [32] , but the authors did not provide the beam pattern of nested array. For the nested array with pair (N 1 , N 2 ) and uniform weighting, the beam patterns of two sub-arrays are
To be noticed is that, for the nested linear array, we add an element at position 0, i.e., the nested linear array with 
The absolute value of (39) is
Comparing to (33), it's easy to see that (33) equals to the absolute value of (40) if N = (N 1 + 1)N 2 . As a matter of fact, a NLA could achieve exactly the same beam pattern of a ULA. This property helps us to further analyze the performance improvement of the beam pattern when comparing NCA, CCA and UCA.
The 3-dB beamwidth is used to measure the resolution of an array because a narrow 3-dB beamwidth means a high resolution. As a consequence, the array with smaller 3-dB beamwidth could distinguish close sources coming from different directions. For a ULA, the width of the main beam is obtained by solving
For the CLA with the same beamwidth, (41) is rewritten as
and for nested linear array, it becomes Let (42) equals to (43), the relationship between co-prime pair and nested pair is obtained as
By assuming C 1 and C 2 are known parameters, the goal is to find the value of N 1 and N 2 . When (N 1 +1)N 2 is minimized in the nested array, the difference between N 1 and N 2 should be 1. For example, if the co-prime pair is (4, 5), calculating through (44), we can get (N 1 +1)N 2 ≈ 24. As a consequence, the nested pair should be (5, 4) .
In order to verify our analysis, the beam pattern of a CLA (with pair (4, 5)) and a NLA (with pair (5, 4)) is plotted in Fig. 8 . We can see that their 3-dB beamwidth is exactly the same. Fig. 8 also proves that the beam pattern of a nested linear array with pair (N 1 , N 2 ) equals to a ULA with (N 1 + 1)N 2 elements.
V. SIMULATION RESULTS
In this section, we firstly simulate the scenario of two sources in the range. The spatial resolution of CCA and NCA is shown and compared with the UCA, assuming all of them have the same aperture on z-axis. Then the unplink spectral efficiency of CCA, NCA and SNCA is analyzed when those sparse cylindrical arrays are placed at the BS.
A. SPATIAL RESOLUTION OF CCA AND NCA
Considering the deployment of CCA and NCA is as drawn in Fig. 3 and Fig. 4 , there're 16 antennas uniformly spaced on every circular array. Since the azimuth resolution is determined by the circular array, if CCA and NCA have the same deployment of circular array, their beam patterns of azimuth angle should have identical performance as well. Assuming two sources in far-field from direction φ 1 = 80 • and φ 2 = 100 • , then the 1D beam pattern is illustrated in Fig. 9 .
Next, let's consider the resolution of elevation direction of CCA and NCA. If the CCA and NCA are still chosen as Fig. 3 and Fig. 4 , we plot the 3-dB beamwidth in Fig. 10 . From  Fig. 10 we can see that when the length of vertical linear array is short, the 3-dB beamwidth of CCA and NCA is very wide, which will bring a low resolution of the elevation angle.
A possible way to increase the resolution of CCA and NCA is to extend the length of the vertical array. Assuming the number of elements on each circular array is also 16, choosing the co-prime pair of CCA as (5, 6) , then the positions of the vertical array along the z-axis The structures of UCA, CCA and NCA are the same as used in Fig. 11 . In this example, we can see that CCA and UCA fail to distinguish the two close sources while NCA successfully detects that.
is [0, 5, 6, 10, 12, 15, 18, 20, 24, 25] , and set nested pair of NCA to be (4, 5) , which means that the vertical along the z-axis array locates at [0, 1, 2, 3, 4, 5, 10, 15, 20, 25] . Apparently the number of physical antennas of CCA and NCA is the same (which equals to 160 = 16 × 10). By calculating the difference co-array of CCA and NCA, the corresponding vertical array of UCA should be placed at [0, 1, 2, . . . , 25] and the number of antennas is 416 = 16 × 26. This indicates that CCA and NCA save about 62% antennas comparing with the corresponding UCA.
Supposing there're two far sources coming from θ 1 = 80 • and θ 2 = 100 • , the beam pattern of CCA and NCA is shown in Fig. 11 . Similarly, when the two sources are from θ 1 = 80 • and θ 2 = 85 • , the beam pattern results are given in Fig. 12 . We also compare the performance with their corresponding UCA. From Fig. 12 , we can find that the two far sources are successfully detected by UCA, CCA and NCA, however, CCA and UCA fail to distinguish the two close sources while NCA successfully detects that.
B. MU-MIMO CAPACITY ANALYSIS
In Section III, it provides the ergodic achievable uplink rate for the kth user in (22) . Based on R mrc k , we can define the spectral efficiency of the massive MIMO system as
With the condition that CCA, NCA and SNCA have the same corresponding UCA, which is constructed by N r antennas, via (25) , a new matrix A 1 of size (N r ) × K from A * A can be obtained. Since there would be some repeated rows after vector mapping, we need to remove all the repeated FIGURE 13. Spectral efficiency versus the number of physical BS antennas N r when MRC is applied at the receiver. In this example, K = 10 and the numbers of antennas of UCA, CCA, NCA, SNCA are listed in Table 1 . Averagely, the three structures of sparse cylindrical array, which are CCA, NCA and SNCA can double the number of antennas of the UCA.
rows. This is equivalent to removing the corresponding rows in vector s and finally a new vector of the received signal could be given by
and the expression of G is rewritten as
Consequently, the sum-rate capacity of the uplink is calculated as
In order to compare the channel capacity among different sparse cylindrical arrays, their number of antennas are given in Table 1 and Table 2 . The first column of Table 1 and  Table 2 means the number of physical antennas on UCA. For instance, when M u = 8 and N r = 48, it represents a UCA with 6 circular arrays and on each circular array, there're 8 antennas. The columns of CCA, NCA and SNCA are the number of physical antennas plus the number of virtual antennas, where the number of physical antennas are the same as in the UCA, but the virtual antennas are calculated by different difference co-arrays. For example, when M u = 16 and N r = 80, the NCA is built by 5 circular arrays which located at z = [0, 1, 2, 3, 6] and on each circular array, there're 16 antennas. Therefore, this NCA equals to a UCA with 7 × 16 antennas.
Hence, in Fig. 13 and Fig. 14 , we plot the spectral efficiency of the UCA, CCA, NCA and SNCA as listed Table 2 . Averagely, the three structures of sparse cylindrical array, which are CCA, NCA and SNCA can increase the number of antennas of the UCA about 1.5 times.
in Table 1 and Table 2 respectively. Considering there're K = 10 users in a cell and the users are located uniformly at random. The radius of the cell is 1000 meters and the SNR is 2 dB. From Fig. 13 and Fig. 14, we can conclude that all the three structures of sparse cylindrical arrays perform better than UCA. Besides, when M u = 8 in Fig. 13 , NCA has the highest spectral efficiency among UCA, CCA and SNCA, but when M u increases to 16, NCA only outperforms CCA and NCA when N r is larger than around 110. These trends are also reflected in Table 1 and Table 2 .
VI. CONCLUSION
Three kinds of sparse cylindrical antenna arrays, CCA, NCA and SNCA are proposed in this paper. The detailed analysis of the beam pattern for CCA and NCA is provided. Since beam pattern is related with the ability of resolution, we compared the performance of beam pattern among UCA, CCA and NCA. UCA and CCA can distinguish sources which are far away from each other, but when two close sources come from the range, only NCA can recognize it. Moreover, we also simulate the uplink channel capacity in massive MIMO scenario and prove that all the three sparse cylindrical arrays could increase the channel capacity with fewer physical antennas. In the future study, we will focus on some other properties of the sparse cylindrical arrays, such as applying different weighting functions and the measurement of these sparse antenna arrays as well.
